Introduction
Let G be a locally compact group. Let L 1 ( G) and M ( G) be the group algebra and the measure algebra of G, respectively. It is well known that the extreme points of the unit ball of M ( G) are not in L 1 ( G) if and only if G is non-discrete. Now, if G is the dual group of a locally compact Abelian group G, then it is well known that A(G), the Fourier algebra of G, and B(G), the Fourier-Stieltjes algebra of G, are isometrically isomorphic to L 1 ( G) and M ( G), respectively, and that G is non-compact if and only if G is non-discrete. Thus the above result can be recast as follows: For an Abelian group G, the extreme points of the unit ball of B(G) do not lie in A(G) if and only if G is non-compact. Our main purpose in this paper is to investigate the non-commutative version of this result. Among other results, we showed that if G is an IN-group, then the extreme points of the unit ball of B(G) do not lie in A(G) if and only if G is non-compact. Since the class of IN-groups contains all Abelian groups, our result constitutes an extension of the above result to non-commutative groups. Equivalently, we can state our result in terms of group representation: For an IN-group G, there is no irreducible representation of G which is (quasi)-equivalent to a subrepresentation of the left regular representation of G if and only if G is non-compact.
Our results can be summarized as follows (see section 2 for definitions). For an IN-group G, the following conditions are equivalent:
6)B(G) has the RNP; (7) For the left regular representation ρ of G, B ρ (G) has the RNP. On the other hand, we proved that for any locally compact group G, if B(G) has the RNP, then there are elements in A(G) which are extreme points of the unit ball of B(G). Since it is well known that there are non-compact groups G (for example, Fell's group) for which B(G) has the RNP, we see that our main result cannot be extended to a general locally compact group. In proving our main result, we also proved a result which is interesting by itself, namely that for any locally compact group G, the set of weak * -strongly exposed points of the set of norm decreasing functionals in P ρ (G) are in A(G).
Preliminaries
If X is a Banach space, we denote the dual Banach space of X by X * and the space of continuous linear operators from X into X by B(X). For x ∈ X and f ∈ X * , the value f (x) is sometimes denoted by f, x or x, f . The unit ball of X will be denoted by X 1 . More generally, if A ⊂ X, the set of those elements of A with norm at most equal to one is denoted by A 1 , and the set of extreme points of A is denoted by Ext(A). For a convex subset E in X * , an element f 0 ∈ E is called a weak * -strongly exposed point of E if there exists an element x 0 ∈ X such that f (x 0 ) < f 0 (x 0 ) for all f ∈ E \{f 0 } and whenever f n ∈ E and f n (x 0 ) → f 0 (x 0 ), then f n − f 0 → 0. For the definition of and results on the Radon-Nikodym property (denoted in short by RNP), we refer the readers to [4] .
Let G be a locally compact group with a fixed left Haar measure. Let A(G) and B(G) be the Fourier and Fourier-Stieltjes algebras of G, respectively, as defined in Eymard [6] . As usual, L 1 (G) denotes the group algebra, M (G) denotes the measure algebra and C * (G) denotes the group C * -algebra of G. It is well known that B(G) is the dual Banach space of C * (G), and that A(G) is a two-sided ideal of B(G). See [6] for more basic properties of these spaces.
We refer the reader to Dixmier [5] for definitions and basic properties of (unitary) representations of G. Given a representation π of G, its representation space is denoted by H π . For ξ, η ∈ H π , the function a ξ,η , denoted also by the symbol ξ
Each representation π of G can be extended to a representation on M (G) by means of the formula π(µ) = G π(x) dµ(x) for all µ ∈ M (G). Note that if δ x denotes the point measure at x, we have π(δ x ) = π(x). If we restrict the representation to L 1 (G), then we get a non-degenerate representation of L 1 (G). This representation can be lifted to a representation on C * (G), which is usually denoted by π again. If N π denotes the kernel of this representation, then we set
is a C * -algebra and its dual Banach space is B π (G).
Throughout this paper, we reserve the symbol ρ to denote the left regular rep-
We denote the set of continuous positive definite functions on G by P (G). Then, as is well known, P (G) can be identified with the set of positive linear functionals on C * (G). The set of continuous positive linear functionals on C * ρ (G) is denoted by P ρ (G), and we have P ρ (G) = P (G) ∩ B ρ (G). We refer the reader to Arsac [1] and Eymard [6] for more properties.
A locally compact group G is called an IN-group if it has a compact neighbourhood of the identity e ∈ G which is invariant under inner automorphisms. It is called a SIN-group if it has a base for the neighbourhood system of e consisting of compact sets invariant under inner automorphisms. If [IN] denotes the class of IN-group, etc., then we have
where X is discrete, Abelian, or compact. We refer the reader to the survey paper by Palmer [12] and the references therein for more on these groups.
On extreme points
In preparation for the proof of the following theorem, we need some tools which will allow us to reduce arguments on a group to arguments on a quotient group.
Suppose G is a locally compact group and K is a compact normal subgroup of G. Let π be a unitary representation of G with representation space H π . Then π induces a unitary representationπ on G/K as follows. First, we define a projection P on H π by 
By Proposition 6 in [7], the map a →ȧ is a Banach space retraction from A(G) to A(G/K). Moreover, as the proof of Corollary 3.5 in [10] shows, we havė
We will need to use the fact that A(G), being the predual of the von Neumann algebra V N(G), has a module structure, which can be described generally as follows. If M is a von Neumann algebra and M * is its predual, then we put on M * a left M -module structure if, for each T ∈ M and u ∈ M * , we define the element T · u in M * by the formula T · u, S = u, ST , S ∈ M . A right M -module structure and a two-sided M -module structure can be similarly defined on M * . In the proof below, if π is a representation of G, x, y ∈ G and a ∈ A(G) , we will write δ x · a · δ y for π(δ x ) · a · π(δ y ).
Theorem. Let G be an IN-group, (π, H π ) be any irreducible representation of G and ξ, η be unit vectors in H π . Then the element a ∈ B(G) defined by a(x) = π(x)ξ, η is not in A(G) if G is not compact.
Proof. Suppose G is not compact. We assume first that G is a SIN-group. Suppose a ∈ A(G) and a = 0. Then there exists an x 0 such that 0 := a(x 0 ) = 0. Since π is irreducible, the commutant π(C
is equal to C1, the set of constants. It follows from von Neumann's double commutant theorem that
Since G is not compact, by Lemma 3.1 in [9] there is a sequence x n ∈ G such that "x n → ∞" in the sense that, for any compact set K of G, there is an N such that x n / ∈ K for all n > N. [8, Corollary 7.5] . We assume, without loss of generality, that
Furthermore, for each a ∈ A(G), we have δ xn ·a → 0 weakly in A(G). Since G is a SIN-group, V N(G) is a finite von Neumann algebra [13, Proposition 4.1]. It follows that
Hence a 0 = 0, and by the density of
Since k is a compact operator on H π and {δ xn ξ} is bounded, we may assume, without loss of generality, the existence of some ξ 0 ∈ H π for which k(δ xn ξ) → ξ 0 in the norm topology of H π . Hence k · δ xn · a → ξ 0 * π η in the norm topology of A π (G). Since the sequence (x n ) that we have chosen also satisfies the property that δ xn · a → 0 weakly in A(G), and so in A π (G), it follows that, for each x ∈ G,
Consequently we have ξ 0 * π η = 0, and so k · δ xn · a → 0.
On the other hand, for each n,
which yields a contradiction. Thus, a is not in A(G). Now assume G is an IN-group. Then there exists a compact normal subgroup K of G such that G/K is a SIN-group [12, diagram 1, p.698], and since G is not compact, G/K is not compact. Suppose a ∈ A(G). Then, as we observed in the paragraphs before this theorem, the function a induces a functioṅ a ∈ A(G/K). Also the representation π on G induces a representationπ on G/K. Moreover,π is irreducible since π is. As we observed earlier, we havė a(ẋ) = π(ẋ)P ξ, P η for allẋ ∈ G/K, ξ, η ∈ H π . Therefore it follows from the first part of the proof that G/K is a compact group because G/K is a SIN-group. This is a contradiction. Thus a / ∈ A(G). 
Remark

Corollary. Let G be a non-compact IN-group. If
Consequently, b has the following property: for any > 0 and any compact subset
Theorem. Let G be a locally compact group. Then all the weak
* -strongly exposed points of
Proof. Let b 0 be a weak * -strongly exposed points of P ρ (G)
We assume, without loss of generality, that f α * f α A(G) = 1 for all α. Note that f α * f α ∈ A(G) and b 0 is the limit of the net {f α * f α } in the weak * -topology. It follows from the fact that b 0 is a weak * -strongly exposed point of P ρ (G) 1 that f α * f α − b 0 A(G) → 0. Therefore b 0 ∈ A(G).
Theorem. Let G be an IN-group. Then the following statements are equivalent.
(a) G is compact. 
Acknowledgment
We thank the referee for kindly pointing out the following to us: 1. The proof of the implication (g) ⇒ (b) in Theorem 3.4 actually yields the following theorem. Theorem 3.6. If P ρ (G) 1 or P (G) 1 has a weak * -strongly exposed point, and G is an IN-group, then G must be compact. 
